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BERNOULLI ENTHALPY
A FUNDAMENTAL CONCEPT IN THE THEORY OF SOUND

John E. Yates and Guido Sandri
Aeronaut ic a l Res earch Assoc iates  of Pr i nc eton , Inc .

50 Washington Road , Pr inceton , New Jersey 085140

Abstract briefly with the formulation of the same
problem ba sed on the Landahl—Lilley

A general theory of aerodynamic Sound equation ( 5 ) .  It is shown that the inter—
is developed. The basic equations of fluid pretation of the basic equations in terms
mechanics are expressed in terms of veloci— O f acoustic and ‘znr~ ical modes (in the
ty, enthalpy and entropy , and the velocity horner .tropic case) can lead to a linear
field is separated into irrotational and coupling between the sound and v;rtical
rotat ional parts wIth the latter being in— flow. This mechanism is eliminated in the
compressible. By analogy with the de— third—order Landahi—Lilley formulation where
scription of sound in a homentronic— the acoustic and vortical modes are coupled
irrctational flow , the radiative part of into a single pressure variable that is
the sound field is characterized by the termed acoustic.
velocity potential , ~ . A fun damen tal new
concept , Bernoul li enthalpv , ~ j , Is intro— A numerical example of the interactive
duced , again by analogy with homentrop ic— Bernoulli field Is giver, for the case of a
Irrotat innal flow . It is shown that the plane wave imping ing on a Gaussian plane
~~~~~ of the radiative sound field is iet . At small incidence angles to the ~et
the euhrtant~ ve rate of chanc- e of the axis , the Bernoulli source has the appear—
Bernoulli entha~ ny . The detailed kinem atic ance of a dipole whIle at  large angles it
and th errndmnomi c mechanisms of sound rro— has the appearance of a monc o e.
duction and Interaction are ultimately con-
tained in the scarce of the Bernoulli ~j
fIeld. The latter satisfies a Poisson I. I n t r ’ c d c i ~~r.
e luat torI sub ,~eo t  to the boundary condition
th a t the ~ i field acquires appropriate con— Since the pione eninl - the~~r ct ic a1
st~ nt value (s) when the vorticity and the foundation of Li~ hthill (l ,? ,3t , ther e have
entropy c-rad ient vanish. Two basic con— been many contributions t~ 

t ne rodern the ’ry
certual issues of the modern theory of of aercdyna rlc sound. lt,~ch o~

’ 
~he work

s~ un i are resolved. First , the radiative tm reii ately following the classtc ht r hthil l
sound is c l e a r l y  s e p a r a t e d  f r o m  the  source pacers  was a i m e d  a t  r e f i n e m e n t s  ‘~n J / r ex—
of sound  w I t h  each  part c h a r a c t e r i z e d  by t e n si o n s  of  his h~~si c  t h e o r y  (e.g., ~~, T )
it~ own sca lar  f i e l d .  Second , the  bernoulli w h i l e  o t h e r s , in c l a d ~ ne bighthill himself ,
sou rce  of  s o ur , i is c r r p ’ i c t ;  i . e . ,  it Is a t t e m p t e d  d i r e c t  ar p l i ’~~i l o n  of  t h e  t h e i r ’v
c o n f i n e d  to the r o n  of rotational non— to the problem of estlmatinp noise (8). It
h o n e n t r o n t o  f l ow . The nea r  f i e l d  sound is not our i n t e n t  he re  t o  r i v e  an ex t e n s iv e
pr e ss u r e  is in  cenera l  a n n l in e a r  f u n c t i o n  r e v t e w  of h i s t o r t  Ca l  d e v e l o p m e n t s .  P a t  h er ’
o f  th e ~ and ~~j f i e l d s  and is not we f o cu s  on a few of the fundamental effn rt e
s e p a r a b l e  e x c o r ” in t h e  l i r c a r ’  case .  t h a t  have  at~ emrtc d to c l a r i f y  t h e  b a s i c

concep t  ao l  issues tn the theory of sound .
A d e t a i l e d  d I s c u s s i o n  and i n t e r p r e —  In p a r t i c u l a r , we c o n f t n ~’ o u r  r e m a r k s  o t h e

• tation of th” genera l  theen  is riven ‘~i t h  work of i,ighthill ( 1 , • , 3 , 8) , Pttner ( . ) ,
enp h a s l ,a on t he  p r o d u c t i o n  of sound h’t Crow ( Q ’I , Lti l ey ( 5 )  and b o o k  ( 1 0 ) .
t u r b :~l ent  f l a w s .  I t  is found  t h a t  an in—
; ‘rtant dino l~’ source of the  B e r n o u l l i  A b a s i c  cnncPp tufl i or~’tlem wi t h a l l  of
fiel d can r e s u l t  by p a r s i n g  t u r b u l e n c e  t h e  m o d e r n  s o un d  h rice in t h~~t no c l e a r
t h r o u n t .  a h i gh l y  carved  p o t e n t i a l  f l o w ,  cu t  d i stin ct ton has been ma le to w’o’n
The d o m i n a n t  s o ur c e  of , ,r ro  ul li e n t h a l p v  at  i ye Sound and sound nourne in tt nea r

• in low_ speed n o n c u r v e d  f l ows  is  the  c la s s i c  f i p l d .  C cn s l d e r a t ’ l e  d l s ’ u a n i o n  har evolve d
L i r h t h l l l  ouad rur le ( 1 , 2 ,3 ) .  a round  the  Li fhth tll ‘ s o u r c e . ” t is w e l l

known t ha t  all c o n v e c t i v e  and r e f r a c t i v e

L 

An ana logy  be tween  the  p resen t  t heo ry  e f f ec s are d i s r n i s e d  In t h e  “ s o u rc e ’ w h i l e
a n !  t h e  oseujosound c o n c er t  of B ibr e r  (L~) the  r ’ a d ia tt v e  f t e l d  is r~ vcrned by the

vor,. The ~~ field Is analoi-ous to line a r wave  or or a ~ or f o r  a sr at on - I r y
r n ’ s rsead c c’ u r d , w h i l e  his acou stic rrediar . r’ ~ht s r ’eas~~n the b a s i c  L l o h th i l l

• f t e l d  ~s •l’~ ” ir,e i in  ‘mms of  c u r  v e l o c i t y  t h e o r y  has  been t rr ’ ’ t h e  “ a c o u s tt c
p ote ntial , I . The e x r ” r ’ i n e n t a l t s t  is an a l o gy . ” The e I I ’ 1 ’~~or1 in “ e x a c t ” b u t  t he
• ‘hallen ged t 0 measure th e two ports of the aprr ’extran t i ar s and in ’ er pr r ’ t ’I t i n n s  ‘~f it
p r e s s u r e  t y  neosn rtng the separate ro— are not.
¶ ational and l r r t a t i o n a l  components of the

• velo~~i t y  ‘i~’ ld .  F~ t ’ner ( 14 ) node an ‘l ’~~~rr’ t o  s er a r ’~t e
“ r~~n i a t 1v e ” fr-n “ a m m o ” sound w h e n  he

The l i n e a r  p ri llem of Sound  i n t e r —  l n t n  Uc el the con’e ’ of ps on I . by
ar ’ m e  w~~ h S r e a r ,  shear f l o w  I S  °‘ nmula ’’’d n er ’ ’i~”it~~~ ’ the  t ’re ssa i”~ te ’ o tw ~~~~~~ and
w i t h  t h e  new t h e o r y . It:  Is c o r p a r e j p o s ’ u l  ‘I ’ nr  a 01 o sor.  e q u o t  t o n  f/ r  t h e  nea r

(‘ It pv ri ght American Ins t it u lc o f Aeronautics and
Astronauti c s . Inc.,  l’) ’~ , All ri ghts reserved. 1
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field (pseudosound), he was ni le to actI ve wIth a gr e a t  deal o ” :‘a ’ u a l  ::riticisr.
a wave equat ran for the radiative r a n t  w I t h  LI gh t h i  11 ( , As endt x B) ct ac ke- ; Pt ncr
the near f i e l d  as s o u r c e .  T h i s  is c l o s e r  for ’  us i t : ’ a nOr :c’- act source , ;‘:ht le C r - - ’-w
to the  t r u t h , ’ as we see I t , t h a n ,  any (9) c r i t i c I z e d  b ’ - t h  t t e a t ’ i ” r :  - T n  t a - i t 0 ’ ncr . —
t h e o r y  on the  m a r k e t .  Howeve r , ~ t is not  compact  sou r c e s  at  n r e s , t I : , ’ g i v i n g
appeal lnc  from the p o i n t  of  v iew t ha t  we the edge f~ r b e t  n o  I he leas t  n c r  r a n t .  be
w o u l d  l ike  to  d er i v e  our f i e ld  e q u a t i o n s  uses t h e  n a c h t n e r t , ’ of s i t ’u i a t  - t ’~ rt ’ut’ t a ” I ’ r.
from: fundamentals. One cannot be q u i t e  t h e o ry  i r r r ,  e f f - ’- n ’ ’ o - ce r i v e  ‘ i n c - o r ,  i I t l c - r.s
sure  tha t  the  p o s t u l a t e d  p s e u d o sn u n d  ~s the  u n d e r ’ w h i c k  one can u - :v  t h e  L i~’ h t hi l l  so u r c e .
p r e s s u r e  t h a t  wou ld  a c t u a l l y  be m e a s u r e d  in  A l l  of  t h o  earl:.’ d I s c u s s i o n s  c ’ f ’ h t z  lss ’ue
the near  f i e l d .  Al so , t h ” re is c r: ., - i ’ - l e t  ‘o t h e  need - f ’  a ’ h - ’-o- ’, a l t : ,  a ‘ ru e
q u e s t i o n  a b o u t  the c o m p a 0 t r i us  ‘f  t i n :  - ‘an ‘ 0 1  s o u rce  o ’ r a I l - a t  I ‘.‘e s o u n d .

• p s e u d o s o u n d  f i e l d  (see b e l o w ) .
C r - ’ :’: ( 9 )  s - -n . e  a r c u e s n  a t ’ .~r c t  t o  co :, —

Pore r e c e n t l y ,  l . I l l cy  ( 5 ) ,  f o l l o w i t , ’ s ’ i - u ’ o u c h  a t h e a - t o .  be u n c i  I t o  t ’ : r i l
the  a p p r o a c h  of P h i l lIp s  ( 11) and L a u u d : i  l l e l r h c - t z  e t c  - r n r ’ c l t i o r .  o f  t h e  r ’ elccit ’.’
( 1 2 ) ,  has  deve loped  a s i n c l e  “ h i r ’ i — ’-- ,”- ;o n f I e l d  I t o  I - m s of :; ‘; ‘ - - I - n r t c n a l  a n - ’. s o l e —
e q u a t i o n  for  the  P r e s s u r e  flu ct s a r I  - ‘- r , . T ’  n - I  d a l  r n : ’ s. l i e ‘ a b a  .- . n ” - t e d own as.
p r e s u m ab l y  c : r ; t a i r ,s a l l  c o n v e c t i v e  a n i  r e —  t h a I : ’ ,’ e x c r e c s i o n , H , t h a t  i s  d ose  I’-
fr a c t iv e  e f f e c t s  on the  l e f t — h a n d  01 Ic ar t h e  :‘~‘t ’ r . - - .11: a:,tn ’;’i t V  ‘m b ’ -  tun ed in t h e
a l l  q u a d r a t i c  “ source ” t e r r , s  du e  to or .— rr- nser,1 work . ic w : n  5’-” s u c c e s s f u l , h r -a . —
lence and mean s h e a r  or; t h e  nI ‘ h r _ h a r t S : :O’ . o ’er , t . isol at ion rh ’:  ~ r t c u s I b c  f r - a t  t h e
Our ob i e c t i o n  ~s t ha t  t i n t ’  e q u a t i on  n i x  n s o u r - c e  f l - - I d  c - a c e r . f e  ‘ h e  l i r , e a r  c a n e .
t h e  a c o u s t i c  mode w i t h  the  v ’ to t  1 0 1 ’’ :  r,~~- fc  ‘ b o o , he  i i i  tv’- ’ T i r e - S  t o  : c ’n l ze I n c
( 13) .  f t  does n o t , r e a l l y  i so l a t e  the  so u r c e  er s~ ’s-tia1 C :t’ r~~n t  n a t u r e  of 1t ~ ii f’1~~ld .
of the  r a d i a t i v e  p ar t  o f  t h e  a co u s t T h  f i e l d .
The c o n c l u s i o n  ba~~c’t or , t h e  ba n i a h l —  I lie :,’ r, t h e  p m e r er . ’ wc r k we o w  I n :  ‘a
e q u a t i o n  ( 5 , 10) t ro t there  c a n  h o  to’- l i n e a r  cer , e rn l  r h ” — o r ’,’ o ” s,our ,a I n  :0 : 0, ‘ t -  to ’ :1—
c o u p l i n g  b e t w e e n  t h e  a c o u s t i c  r , r ’ e n n ~:r .- IT o ld  a ’- I “c and s c a r c e  f i e l d ; - ’ am ”- clean ’.’ act
and th ~ t u r h u l e n c ~ Is a ‘ t I r - ° ” t  r ” — r - ; t of ’  th °  : ‘ “ t - ’ r t i r: d I s  ;- : h i c h  ‘ e r t r : : t ’ c e  is c- ’ - r s ’a t .
ocr ice of dependent v a r i a b l e  ( i n  t h i n  case , Tin ”-’ r ’ -  l e t  ‘ to t ar- ra re - nt . ’,i- ’-cous ‘ • ‘ h a ’
p r e s s u r e ) .  The very r:e : ’ t : c a t , L ’ - - r  r’.’h ’,’t ’ - ’ t ’:  of  ‘ t o ” . ( ) ,  b i n ”  ‘wc  t a s t e  • i i f f e r ’er , -:e r a t e
li n ” --ar ’ c c a n l i n g  can occu r  is b u r i e d  ir ,  t I e  i t .  I f . ’:’ rh -c t -c’s i - - f  I ‘ - u r , i a n ’ ,’ c c r c t I  I c f ’ - r
l e f t — h a r t s t a t e  of the  e T t U O t  I ’ r : . I s t t , 0 -  ‘ ‘n Helr,t:tciI: de- ’- : ’ r e d t , ’ - t of oh ” - “010:1 1’-’
pre :ser ,t  w o r k ,  we show t h a t  t i n  a s n i c ’: o c  t’ , n - i e  f - - I  • ‘ a r - f  t he  d e f i s , 1 to’ :, of  t h e  c u--c a s ’
can in t e r a c t  l i r, ea t ’lv wi . t  1: t h e  m e a t ,  nh -or -  P- er’ n , ’- - , b l i  ‘ - r t f  a i r ’: f i e l d  . r: es s . a t ,t I ’  1
f i n s ;  and p e r t u r b a t i on  vor t  I c i t y  t o  ~:r ’o- :u ‘e there ‘- f t h e p r e s e n t  t a n k  i : ~ t h a t  I :’: - ses a:-
radIative sound. fIol ,f: ’ are n e c o n s a r ’ ,- t o  - :e s cn t b e  ‘ h e

cesrr~ n of  : ‘ a : i I c t i ’ - r ,  and prnn’s - ’i or, ‘‘f :‘ - ; t n r r
The m er e  ren ’ r, t r a r e r - t o n .  p o ’t o r . t I ab without art ir’ui t’ v~

a p t - r o a c h  of  I : a n w  (10) z o o m ’ t o  f u r t h e r ’  con—
f : . ne  the  i s sue  of “ s o u r - n ’ ” l et .  t i f i c a t  ic r , .
t’ s i ng t he  H e l mh o l t z  d e o o n , c , 0 0 t t  i — - n  of t i n ’ ’  I I .  ‘It” ‘-teo.:’t’a ’i Th~~or ” ,’ - “ fnn .

r e c e n t  art , flux , I o n , .’ d e r i v e s  a f o u r t h —  - r ’dc p
e q u al I - -n fo r ’ t he  m o m e n t u m .  f l u x  t o t  e:. t l a l  h u s i - ’  -: ‘ ;ar , I
w I t h  t u e  sol.”t’o lu -S I p a r - I  ‘ar t ‘ua r’ i r0 - on t he
r I c h ’  — han d s l a t ’ ’ . He su bmI ts that the m’’— for :nider the equat ion s of  c - I  i °r. ‘‘- ‘-to a
t a t .  i - r : a l — r t e l ~~n c - id a l  p a r t  ca n b-c i d e r , t . : : : ‘.-‘ i sc ,  us h e a t  c- - r u : - ’ i n n  gas .  1:-r ot c cr c  .1 ,

as t h e  r o t a t i o n a l  c a r t  of  t i n ’ -  t u r t ot ’o’’r , t ,‘ - r~’ t ;t I r ’ ;  b. a r - f  a ’t : t - r ’ c r ”  r t o  i r e  h’r ’ t m - I —
f i e l d  a n d , hen-c e , t a r t  of  the  “ n - -o n’ ’’ . ” r a n ’ :  t int’s” ‘o n - i - - v n n t a t l e s .  Th e ‘- 

- the  c a n t .  c i v ’- ’ ; ; ’  ob , l e - t I o n  ‘ t h i s  ‘ i r r m ’ -’- ’: ’ h  r o ’ ; I ’~ ,’ , t- , n r e n t - ,.r ‘a n d  en er ’i” l.’ e - :~.a ’ i ’ -r s ar ” - :
is ‘h a t  ‘he ~~~~~~ ‘eu- flux can be r ”t at i o r ’ l
even th’a u~ h tine v o l - a l l y  f i e l d  is I n n  — ~ l + :1 = — ( 1 . 1 ’
ta t r ” --rval. Than , ~~ ‘ a I - - - c ’s not : i e~~: ‘ i- i- 1’ • ‘

des ‘nIt ‘ion em ’ m o lt ; I t T  a - s r  r” - ss1’ le - ‘ i t
o t h ’ ’ r ’ ’,.,’’ sp h’-’mentr ’ ’n pi ‘ — I  t T i ’ - - ’ a l t  ‘ r . a I  ‘‘lo i . t  —1would r ’ .”q;i re b - ’h ii sc a l a r  i - - I e n I I ai ’: r ,;  

+ grari “a = “ ~~~~ ‘~ + : 1 ’ ’  T
vec ‘- r f: 1’I. ‘-ur’thc’t” r -~- , ‘he t t1,,0”1 w ” — ’ : l ’ -: ‘ . ‘ - ‘ -

I r l i  ‘ a t e  ‘ h - ’ ‘he  vec t  1’ e l ’l  a cts .  r~ ’ “~ ( 2 , 2 1
“ s.’ urce ” I’ m I n n  rot ’, -to ’ ii:’ , t I ‘ n t m l .  1 , 1
s ta te of  a f f a i r ’ : ’  in ;  ‘ ‘ - t a l l y  ur , ac - : .a n ’ a t  10 i t ,  ‘ = ~~~~~ — ~2 ~)
a r ’e ’ i ’ ’r ,  where ‘f”r” : - - ‘ma r it ’ no - a r  - ‘f’ ,’ m a r  I C  - ‘ ol’
s c - u r c ~’;; o f  n o u n , .

A noIn t’ - ‘ r r u - e t , t r a a l  r iot - ic r , 5 1 I, n er. — 
-: 

, - - ,

:t’ - .r,- : t t o r i e s  i s  t f t  ‘ i . e  v n r ’ ous “ - ‘ - • : ‘ -  eec ” ‘ ‘ . ‘ ‘ ‘ ~~.• - °  ‘~~‘- c~~~ t ,, I

th ’ i t h a v ” t ,n ’n ; r ’ , r o r r e t a r ’ n , ’ c - r r , . - t ;  
= ~~~~~~~ ‘ - 1 ’ ’ ’ ’ ’ d dj ’ ’ o’I . e . ,  ,‘e r : f I n ”  I ‘ - - ‘h ” r ” - r  1-u - ,  of  ‘‘  ‘ - ‘ i - s a l  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- a

r. ‘u - t o  m er i t r ot  I c f l ow . Tt, s has  t, - ‘ 1 ‘ “ ‘  to a- . = h en ’ , t ;x  v e c t c r ’s . ’ ’r n o u s  p r ’ : , ’ t t c a l  p r -  t ier” c m ’ ’ one eon
us u a l l y  m e n - - t i  t ri : t v t ’ r ’ t i c  a r ;a l ’ i n - i s  t o  ‘ tl o c a l i z e  t i n ”  ‘ c ‘ t ’ ”” i t ,  t ‘•e r ee l  ‘n o~ f ‘- : t ’ - i t —  — ‘ ‘ ‘~~ 5

t o r t  f low . H- w’ ’’ ’ ’ t ’ , t h e  l u - m ’ l e  h - c been • r i : ~~ ( 2 . 1 1 )
cussed  i n  s c ’ver ’:- i 1 o ‘ ‘ ‘ he  f ’t r : tnc :er ; I 01
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A

the wel l—known Helmh ol tz  decomposi t ion  of
an arb i t rary  vector field into irrotationa l ~~~

. = ‘ gra d ~ + grad(grad ~ ) —

and rota t ional  components ( 16) .  We let

= grad $ + ( 2 . 1 7 )  + grad T x grad s + curl (div T)

where • has the same meaning as it did ,
~ (2  2~~)

for homentropic—irrotational flow . The u
field is Incompressible; i.e., The Bernoulli enthalpy satisfies a Poisson

equation Obtained by taking the divergence
div u = 0 (2.18) of (2.22). After some manipulation of terms

on the right—hand side the resulttr,g
Furt hermore , we demand ~s a boundary con— equat ion is
dition that the field u be zero If and
only if the vorticity vanishes; I.e., if -

~ i j 2
— 

i”u u 
— 

B (u
t a~,

= curl ~ = curl  ( 2 . 1 9 )  ix 1ix~ ix 1Bx ’~ “ ix t

t hen
= 0 if and only if = 0 . (2.20) B B.’ ‘~ 

l a y
— 

__
~(

.__ .~.d.. )4. div(T orad s) +
The important point about the decomposItion ix 3 ix ’ ix °
(2.17) is that the velocity field is being
separa ted  i n t o  r o t a t i o n a l  and ir r o t a t i o n al  ( 2 . 2 2 )
pa r t s .  The fac t that  ~ is incompressible
does not imply that part of the potential We obtain the f’ur ,darental e :u ’att cn fo:
f iel d cannot  also be in compres sib l e .  the r’cter: ttal field in  n , -  o ’ er : F by sat—

st i tut i n i’ h fr—s (2.23) into the c-c s:tlt:uity
Substitute (2.17) into the continuity equation (2.21). t’,’e ret

and momentu m , equations . We get

+ a~ V~~ = - ~ ) ( 2 . 21) ~~~ (~~~ 
+ ~~~cr” -.a t  t 1 2) - a 2 V ’~~ = ~~~~~~~~ 

~ (i -~~~)

(2.2E)
and

F i n a l l y ,  t h e  pr - en s u r e  i s  ob ta i ned by sub—
grad (h  + + ~~~g,rad 

~~ ) stitut in g in in t o ‘he  s - I - a te e,o -c a t ion (2.f):

= — orma1(~ 
. grad ~ + 02 / 2 )  — ~~ t- = r (— ~4uI — 4iora-a 1 1 2 

+~~ t ,

+ T grad s + d l v  ( 2 . 2 2 )  
‘ . 

1 2 , 2 7 )

The basic th ” --on ”tt ca ] :e;-c1 rr’:r-,t is a t:—

I f we cntt r ma r” the last equation with the ple te. I-:e nuc m. -±t ’I c. 1 - -  t m :  s ’r’ ’
corre”: 0” r result in a h0~’ r t  r 1’ic— ; o~ “ r I is a a C

i m ’ r ” ’ ’ - : t i  t :~~ l regIon (see (n.13)), we car: prestr’:ro

‘ ‘ “ “ a r et - (2.22) ‘an sav in g that the -
B e r n o u l l I  c r s t a n t  I , ;  no ’ I o t , , ’r ’r a c o n s t a n t . . ‘.‘b ,e . - o u t . : ; ’ , U ’ a t  ‘ a c t s .
T h a n , a - - Ic  f i r e  I-he I’ rn r :- , : ’ ” e r, t ’ a l  t n s . t e a d y  -

t h a l p y  ‘t r i a b l e  __ + I IL) — 
2 

= — ~~~ —

‘f t  h + + ~~~r r a c t  ~ I
2 ( 2 . ? ~~) 

-

.2 
______In  r e g i o n s  H t  ma n - i  H 2 , t h i s e t , t h a l p y  is ~~ ‘~~~ 

= — 0 — i - ‘

C o t , n ’ n ’ ‘t n t  “- t o o l  ‘ ‘ - L i n e r n ’ r ’ t ’ ’ q ’ ; -  1’’t- value S~ 2x ’ x ‘ It s, l ax 

- .11 1 : ‘o n s t - a n t, a t  l n f t r : i t ’ ,’ . it :
t’.”i ’ i ” r  F , ‘lt s a i n o r m i c  ‘,“ r l a t i e r r , d  I c  

- -  ‘ -‘

l n va l ;a i le  I’ r ‘ f , ” des, ’ r f r t l - -, t 0g  ‘
~~~~

- 
— ~~_.(2u-._ ±IL,_ ) + ,it v ( T  ge- ’l c ) +

S - u n - u - ’  u t  s ‘ o r .  In the  t o m . ’ i t  t a r’ c’ h i t ’  : ix :
a N’ w h ’t l l  re t o  4/ r ’- t t  r ’  —

~~i t . f  t h e ’t ” f l r , l ’ f o n  ( 7 . ? ~~) ,  we - ‘ , m :  ‘ a t ” : ‘r ’a . i ~~o t ’ i - .: I )  —~~~~
I t , ’ ‘n t  r - ’ ° ( 2 . 2 2  c r ’  ‘‘n e ; t t , ’ a t  ~I ’  r .  “ ‘ “ ‘

Herr - i l :  I c m t a i r - ’ ,’ . m° I m , ~ ‘ - , ‘r ’ ’ a t  11’ ’ ” cc ’ ; :— / -1”
d l t  i - c ,  “‘i’ ( 2 . 2 ~~) I n  ‘ t a t  ~he cur l o ” ’ t ’~ + , ‘t ’~~~ ‘I’ ‘ era  I S + ; u r ’ I ( , —’°————-
r I  e l i ’ — t m ;: ] ;‘ I” n c  I van  l i t , .  T h i s  l eads
f h ’— vi r t  ‘ ‘ I ’ ,’ t r 1 : c p o t - t  ‘ -ot t I i :  : - -

~
- - =

~~~~~~
‘ — :  —~~~~)

(2 

~~~~ ~~~~~~~
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III. Discussion and Interpretation that these argum,en ’,s should be valid even
for Mach numbers well int o the supersonic

The concep tua l b eau ty  of the sou nd ran ge.
P equations (2.28) is perhaps not ltt :rmcedlately

evident. Here we discuss these equations ‘ An important feature of the sound

in the light of certain self—ev t-ie t :l truths equations Is that the “Bernoulli nc ,rce ”

and deductions based on previous r’,cdcls and e ra di a t ive  ~ field is corm ,pact; i.e.,

studies of the aerodynamic sound p rob lem. , .  I t  is c a n f i n ~ d to  the r o t a tI o n a l  t u r b u l e n t
f l o w  r e g i m e . The B e r n o u l l i  en t h a l p y  f i e l d

Fi rs t , we point ou t  the obvious fact must acquire an appropriate consta nt va lue
that the sound equations are exact. We o;. t he  d i v l d ;n g  b o u n d a r i e s  tI~ between

have chosen a “na tu r a l ”  Set of variables reg::’-r:s P and H1 . Frc.tr , a rractical
for the d f ’ s O n , l p t  ion of’ sound and have me— ot:-,n;point , it may be necessary to invoke
written the fluId equations of r tion in this cor ,i :tion via asymptotic ar :alysis.
terms of those variables. “Jo ‘ mr .d,; 1” of ::cwever , v’ar ’i,atlens of the ~~ fie lu must
the s.oun”t t r o t - 1cm Is being prorc seat . not be r ’:’nrr I tted to p e r n e a t o  the  h - ‘ r e m : —

• ‘ trot- tn r’e ,’icn . I n  o tn e n  :;or’ -us. , t i n e~~~’
inerr’, - ou i l i  IIr:th ’alr ’a ’ ‘an t h e  f o u r - c a -  c-f  Sound f i e l d  ru n t  reach a ccr : st an t  v ’a lu e  on

t’ourhl’; “he same scale  as t h e  ~.‘a r t i o i t V  or
There are  ‘me ec c ’- nt lai , var i a b l e s  me— t h e  e m : t r ’ o p y  gr a d i e n t  at t i n ’ -  h ,o d ’ar ’I ,’ of a

qu i r ed  for  t h e  J e so : ’ lr t i o n  of n cu ; d  t~ 
t u r t  u l ” r , t  f ’let ’: f l ” 'l d .  C r o w  ( 9 )  a d d r e s s e d

n :’taIio- rial f l a w ;  n a r : e l y ,  tin e veloc lt’,’ t i n t s  
~~

-‘ ir:t 1:: his critique of the Light hi ll
t}’je ~11i 

.- T t  5 “srt ,,t te 1 “C; did

W . ‘lnly in a true ‘ ‘ , ‘ ,- uS t t’O ’ ‘,‘r, ni’ -,ml e n i t  seem, to r e c o gn i z e  the nc r - p a c t  ~u--opemt y
T.r ‘_ino sense’ It:a ’ i t : , . t. is “ion a ;cave 0: ts.e lo’-r:;cuili ‘,‘a:’iable H t in ’a’. he
equation capable of :“-a-iiat i n t ’ ,n-uni c,’a.,n ,-” i:.t:’c.:t’,”cd (see fectior , 5 of Ref . 9). A
to the far’ field. Tt -:e ‘ n-- urce” of the 

‘ ba sic oi::t of his work is that, t h e  Ljcl :t—
radiatIve s.c and fie ld I” I l o w i n o  a f l o U r  hill s ” ’ ,rce t e t ’m i s  t o t t’igor ’usi’a’ - r - m t- act
e l e m e n t  in ‘he .‘. ‘;f s tr -tt -,ti’ :~ r’at.~ of :‘~T~

’r ”gc in ‘ i n ’ - cc-r ’aze  u sed  b re. -I ’ :’oa: la s able
h Berno’~~’TT er .u-’- ~ 

“ , c r”'e. m’ or
,u-i d le ld  (p r e s s u  a e t one a e t  ‘- ~. ‘S b ”  —

,,rct c~’ tine rad a I m urd ~ s al he l o c a l  t 1 1 h
000  i d  “I- due o ‘ d° c ’~~i 1 

1 C u-’ 1 1 -

s the 1 ‘-‘ ea se ~~~ ~~ 
to ~‘e ~~ “ ° r cx

t ssure eld ma “d e tne ~ t A t c t e
eq-ant iot ,. The second ut- I 01’ the line’a t -is. e m ,oe :e~ ‘ ‘- argue ‘ he c o n ; -a c t  rr ” -cs  of the
r r e ssu r e  Is d l r ’ ;ct , ly  p r - i - a r t  totoS l to ~~~~~ 

sca r c e  I f  tine e s sen t i a l  r u - i c  o r  Ber n ,-’ .11 1
‘ad r a l en~ ’ “ -‘ r as t h e  urce  e ~ co
b~ m d c  b e t w e e n  I l l s  “ i— ’ : ’ t ’ r , - r ’,: l l I  r n ’ s. sure ”

ld and ho  c r~ ud a I see he tu of a ” o u l :  n _
be l °w ) .

a r 1 ‘ ‘a i s  “‘S

Our’ fury0 carent-U ac -: n ti c ‘- “. :;‘ ‘.l on also I - ’ i c s . ’ o n o; u atii -r; see (2,2’~)) .‘ab , ’ ec ’ t -c-
ni:c-; ’::’ ’.hat ‘;tscout; J i s c i m - ’’, ion ‘‘“‘f he’u- tin ’; t at. t ’a t ”,’ c m , : i m i s t . ,  ~~ = C m, ; -a ’ Snl , a
conduct n ( r ~ a’ t’ on)  ~ u- ol” “- s cc
dUe t sc ar- es (‘r sinks) n~~ so o t . J°nr’ t o t - a l e : , ’ fl :’.. We l:: ’ ’ ’r ’r r ’r- t t l e  r I g h t —
l.a r i a  lont ‘ l a w s  at m , cde t ’a l . a ’ I - s I  c e n t  ar ’ ’- ,’ h”r : .t sl~i, ’ of the Pa l 55-at : e m o a t  ‘m , ru- ’:
I n n  the:”- ’-~l s’-i:rce t”rr sin’-’ulin’ ’:. ’ t ’ --e-i be t - : ’ l e riven , as t he “ a- ‘m e ” of L’e:’r.’r:. ,li

r:eg ’, i - ’It:le . 1 1 1 1 - ’: (5, f’ , c f ~ 13  q u o t o d  .~n .  a r t  u l t t r ’ ’’ l’,’ o t ’ t i n t ’  i’-’ d I ’ m ’t ’,”o
the : :’::) has -~“g~ ’ -:  ‘I:- ’ s I n ce t .:-f ::l- - r: ’ sour-c field . For h” ‘ am: - : pr’oi:: n ’ien
dim ’: ‘ t i - u t  is I ‘-I ‘ ,n- ” et iv p r o d ’ : : m  t a r : a n t tt ”- -t .ler, , th e only eq u- I t . . nec ~e; i n

a e ow 28) N tI
could i-° n i ’t :ort am , t source c ” s .~~ ‘ : . A’ ness ,:- ’.- . Tine ‘ - m m  cU - I t ” ,: ’; : - ‘

hi ,’t; wa’,”:’ n:art:’a:’s , - ta the son ic of m r :. en ‘ m y ’ : : . ’’ I — ns ‘a re , I n  , ‘“ 'r : ” i ’ ’,l  , i n —
viscous -;ts sI:- :a ’i m,, ‘ l ’ s. Is ~~~~~~~ 1 1 k - I - .- p a—i ’ ’ ’ ’ , ’ e r a l v  1 ’ p r. ’ aIm. m r , t n I r , g  ‘f , ° t an -I :

Ir ‘a” , tt:e ‘-“ -
~~ I t”  :- ‘gh’ —t ;; ”I m a : . ” r , :-t ,len ’ f i - :’.. Ar , t r :lj c .l’ m s: ’ ,nI ’ ion is

01 ’ -o ar’ no : ‘as ’ i c ‘ ;  ::‘at I to sin “~~1 at van I sin -° of’ cO’t rt’e , t t ’ , ’ ‘ in” t o r I ‘ :1 .rc ’ low Is more
h i,’t: wave r, - :m l ’ -:- : ’, ma ’ : r-:- ’ :il o s, h ’: ’t , ~~~. ‘ _ or less : ‘. :‘sive ‘ - ‘ ‘ :u-’ ”- ’t . ”m ‘ 0 0 :  5 ,n;
qu’,’r:-”,’ r- ;to ”f ol~ ‘I: . ’ r ” a t I r a ’i ’ ,”' ” i e t - i .  o . . ’ a: _ “leUf . ‘I:, ” Inter n”' n - i ’. i p:’r’i’I’;r. w” -uli
0’,’(~~:’ , over’ ‘a l :, r ’ ’ c ’ : - ’ t ’ t  of i h t ’  t ‘;riul, ” r ’t r” ’ I t- ’ ’ a k:aowle’Ige o ’ ‘ in ’ - t ‘ ‘ - : , ‘ .“ von ’ -a ,
err o r’,’- ,’ b eam’ it ’ crc m t - a r , ‘i: ’ fiu’’ ’’ta t ’ ’o’ ra: :’t ‘ ::‘ t : ‘. I n ’ ’ :  ‘ ‘ I -  m . .
Bern ‘:11 1 er, t in ’,l ; t ’ield t;h’u-ald da r i m , ’ ’ ’’ .35
‘‘ .e: r ’i r ’n r’’/ cc’ :r,’” 'o ” n , ::n,. - - :‘ “ ‘-,n ’h~’:’ 

T in ”' n a r ,::’c ’ ” ‘err s I t , tt:e i’ ,’r’ r . ’ ’:,flI or :—
I nt of’ ‘; ‘ w , ‘ic e fin c , U- ’’ lye 5c’ i:’ ’ - ‘ ‘er ‘ inO ’u- IJ - . ‘ l c s :  am” ar’ rrt t , ,’ - ’i It : “a; r’ Im - ‘

I:, t,he a n , - ‘ ‘ r’ e’’,’:’’ ’I n Ut : t  n -  ‘Ir - m ”'Ji r - t , .- 0 : : , ‘p  ot ’ ’ n’,r’ .”’- ,’U,’ ir;” 'r ’ ’’at. ’~-’ as we a’
so;rr’ - ”e o f ‘ ‘: ‘ “ - : y. It Is rt”ro— rt  l i v  ‘r r’ ’-r low o r ’ - ’ - : t u  :.igh t - “ I  I ’I so’. Ito ’ or

I- I ‘-‘v”'’:’ ’t .’a : cx-’ ’ ’. ‘ ~~_ r “C;”; ~ t or’ ye;’-,’ t t :”' t ‘mm apr m- - ir ‘,t - e 1-ecaun” fI a.: ‘ r o e  I I s
:.i ”h I” ’ct nrurh - c i ’ ’ u ’ r ’ t u ’ m , ’ ’ ’ ’, ’-’’,’’s ‘hat .,, .. to ’’ the :1’: cm c :rt ’ l ,‘n’,t I  r, Ir ’a u:’’:” — r ’ I m ,  ‘u-:, - 

-

In ens -m t l a l l y  cu-,;tt’,:, ’ ‘al t ,, - J ’ r ”~~c’I”‘ho . T in” ; ’ : re , the ann m l t I - i ,  n ,oc’al TI:’; il, ’rs ’. : ‘0 V~’ ,~i t :,” ’, t :‘t.’~~” .” ”  are ‘ -

C ‘U s cons r.,’ the a ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ t o - , . , , are
r o 1° -‘~~ he ss ’ i ‘~~e o ; “ ‘ c i  1=3

in “t o e r  m a , .  ~~= i . ’ t  I’ € id

I~. ____— - - -~ - - - ‘ - -‘~~ -“ ‘  ‘~~~~~~~~~~~~~~~~~~ ‘ —~~~~ 
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source terms . For sm o o t h  low speed f lows  d i p o l e  source  term : is at ]e’,st comparable 10
at ambient temperature , the dominant source (If rot larger than) the two quadrupoles a; :
te rm Is the r o t a t I o n a l —in c o mp r e s s i b l e  the  !low around sharp corners . The ad—

uadru  o l e ’  ‘i i t i o n a  r a d ia t i v e  e f i u-r u-”r , a -y of t he  d i p o l e
2 i cou ld  t h e n  lead to t h e  con ,p le te  aic s i r - a r - c e

~ u 0 (3.1) of this turbulence/potential flow int ’m’ —
action term in the far field.

By now we mi a ’ht ca l l  t h i s  t h e  c l a s s i c  I . l , d a t —  The las t  two tor ’m ,m in t h e  B e r n o u l l I
- ‘  hill quadrupole , it having f i r s t  been en t h a l py oqu , ’a t,~~on are a l so  d ’ap o l e  m ” - u r ’ a’e n :

p o i n t e d  out by i , i  ,.‘i :t h i li  n e a r l y  25 year ’s 
. ( ‘- ‘ ( : £4ago . A s u b t l e  d i f f e r e n c e  b e t w e e n  t h e  d . ’ a  ;T 1 0 - , ~~

source term ( 3 . 1 )  -an ’] the Lighthill source
is the  absence  - ‘f d en s i tt , ’ and hence  the  I u- -‘ --

interpr’etation of t h e  source  as a S t r e s s .  d :v  
~ ) ( ~~‘ ‘, )

Here , the source is ar, energy dens aty or
pure kine m atic quanti ’:y that prc ’auces the Tine first tern: ( ~ . : )  i:a due  I s  0:: ’,:’ : - ‘B e r n o ul l I  er:t}:-;lpy f ie ld .  The m e c h a n I s m  

‘ ‘“ t en t s  ar:d/’o:’ f l ’ a , o t a n t  i ’ : : a a  , w ’ a i I - --
w h e r e by  the J u o c i r u p o l e  B e r n o u l l i  sou rce  50,-and t e r m .  ( 0 . 5 )  15 ‘ru ’; t o  t”’, a l  ‘ o.t i t t , ’p roduces  a “ ‘a ng u a dr ,,r le s~~u t. ’ld 

~ ~u- a t resses ra e i i  i t ’ ,, t r
is a l so  s it  cht  ly mere c::ht I . ” t h an  in the  

~~ su- -~’ r r t t ’ a  t i ’  sour ’ ’ ,; o r ’ t e ’a ” ‘In ; ’  n r  “ c o l l n ga c o u s t i c  ar - a l a - r I ;  of L i r i n t h i l l .  I t  is , in  is  r .e c e sn a r y  t ’ e ’ ” . ’ t ’a ’  ‘ ‘: - - “~ :‘st t o m” .fac t , n er o  c i ns o l ’ ,’ a k in  t o t in - ;  pse’ . i a - s c ’  u t - I  of a’ , ,’.’ co n s e q u en c e  i n  “ h ” :’ ” ‘. ,, c’ t ‘o r ofc o n c ept of Fu r:,::- (me ’:  b e l o w  ‘I . A ko ’.’ : ’ ’ u - t o ’  sou ::d . We no ’ .:- , h - - t ao ’:’ :’ , ‘ ‘ - c lo t - ’,, ,m~” t a —
is t h a t  the  it ri t r .e m U s i c  t: ’’ ’ , n — f i a ’ l , t  0I~ 5 L i l O  r ’a ticuc of  the  e n t n  ‘: ‘,‘ nou : 0- ’ “ :-  - ‘ -  ‘ i :e I a , - I c
e l e m e r O  has t h e  q u a ’f : ’: : - o l e  c h m a r ’ a ’ I ’ - r  ( ‘ .1)  1 ‘ - - “ ‘ t i c  sou rces  I:: ‘,t:° :’:-”u-- ’ , t “ p” .,—i : : , i e r e n - I ” ':, ’ 01 ’ :“a:’ — f i e l d  :sr ’a -a: m ’;r: ’ n .  l a t i o m : .  I ’ i :r ’ t  ua~ I t , ” ‘‘ I S - ,’ ’  a- s he a r  m t : ’ y n:’:-s

an,’ en,’:’:: I’’ i.e in a’!’f’ c ’ ’o:,’ - .

We “ r r 0as u-’ ‘-a C so t ‘ ist  t a , , is g -‘I - ‘ s l y h a m  J U a : : ’ : t - e i , ’ o r’ i I i l O l . ’ n e ,’ l ig i b l e .  ‘.1, ’ ’  ‘ I -u--: ’ ,: . n : sh o ,” r ’ a’ r ’m:e t ’ : rc h a r t - a c t o r ’  i n  ‘a local sense. f t  i s  a I rut ’  
“ ‘ a ’  be an cx ; ’ , ’ :  lUs t’ .

source w i t h  no fa r  f i e l d .  P o se , ’’;’ , ‘he
s u b s t a n t  ye a t  ‘a t  o ~ e l u - e  s c C  “ ;

~~~ Pseu dcs or,: ‘a “'y — An 
~
‘ €

field will :‘° nuce a r” atiri t i V a ’  I’ie l-t 01 the ‘l ’acaile t : ’e
same order rlu~ a hIgher cr’iir’ r ‘,ole - t u e  t o
the c ; le  cr 1  ~ °n ’ a. ti I”’ his 19 a-° he n
in mu l’i r ’c-le ,, m l m ’ a 1:.~’,,’ n,u :at, t o  : “ 't’. ” r t - , I i ’ C d  sa u:’- - i  by turbul ent ,‘ets , HI l t o n  ~~“ ‘  - -when :“:“.‘m ’r’i , n,’ to the ne ar-ce :5::-: ::, liat ive cisoiv sut’:r,ari zes 1:1 c c’oncen,t of a pa - c-u,: - —
fl “Ids. sour- I near ‘id I ‘ :1: : i n : ’.-. it a - e r - e r ’- , ” ‘ - s an

acCost Ic f ’ a i ’ f teld. A d i  :‘en ’, a n r , T o r t ;  c a n  b e
,a ’ c ’ ’mH a:::] t i n t : ’ , :  t e r m ,  a:: t l :e  ‘:.: ‘ f e ‘, : i t l ’ , t h e  nt ” .’se: 1 s ’

t’ I , ’m , t—l :an ’ : si lo a’ I ’ t h ’- I ‘ ‘ “m ’m: a’ :l li ‘:, ‘ i n ’ , l r ,’ 
.

C l O t ’ l O t o  are , :‘t’st’ec’ti ’.’,’l’,’ , ‘ lu a d : ’ u p o  le :,r - : ‘In s I r - r Ut ”; l i n e  r:’a - m o : : I ” I ”t : , 5 , 1
‘l it-ale In oh ’am’a oter: f o i l  — : - : i m , - ’ R i i m : ” r , :‘:e ‘‘ - t :n -I I ’ :  ‘he line n :’

i:’,’::’.t ’ ’:’ Ic y”-m’ :a I , ’m - sf tla ,~ b a a - i : :  “ ‘: . ‘ - : l ’c .r r m

i C e ’ 
(~-~ ~~~~~~~~ 

ruad ;’:r:- ,ole U s f )  ( , .
~~~~) : “t -  ~ , ~/ ‘a :: ’ t i n ”  p r ’~’s . n ,::’ - a

.,,,,,L ( I L_ .~.lr._) d t ( a — = 

—‘l in en -c s n : :m ’ : ”  t - ’:’r :’ renult “:‘ - t t h e  i n t e r —  V in = — ~~~~~
- —

~~~ a ’ .
a c t i o n  of the ta’t’ ’c :tIal fl::’: a’, I’ f, ‘ mm - ’ ir, a:
r- - ’ ’ ’ -, ’ I ’ - nmal ‘Us;’:. I: -. at l e a s t  m t-t o irp ” ;’m ’:m: t 

0 :  ,~~ -

~ - ,n e s , a l , , -r a ~’ “~“:‘r. a c o u l d  t e n - r.° : ’ - re I t —  :‘ — = + .~~ 1’i ‘ ., - m  , ,

: t-r ’ ’,n t  t i n - ,:: ‘ he  t a c e  1 : - n :  ‘ - c a b l e
a. , ~ 

f  1 1 : m s e e t n- none’h i  ‘ t m l v  ‘ r m : ~ : c : o I b l e  , l i t , ’ t ot o r , .  : al I ~ a’.
‘ I - I - :  ;‘a t: i a a ” o m , t’ p ,:t c l  u - i l l - ‘:n ’. s s t t : ’ .- ’ : ’ c— 

r-
a o )  ‘ a n d

t ’ a t l  ; — i t  I ~~ ( 1 )  ‘S

t t : e  r ’’ - t ’ ’ t ’ , t I n i  f l ’ .’: Is . h ia ”hl’; coo-v -I ‘i n  in  o :’ 1 :, ‘,‘; ‘ . a- a.: ‘ ; , -n a
I : ’ , ’ ’  fl aa’ a ’ ’ a ’ ” - r ’  n b r ’ ; a t r  ccc’;:. ’ ’ : ‘ l c  chan,’es., 

~~~~~~~~ “ ' ‘ a ’ . ’’ t o :  1 3 . ’ 1 r I ”  in — C’ — ‘ a ’
~~~~~~~~ c o u l d  be -‘ar I t t  ‘‘r ote :In”']e s-’- ’.:’ne vi:; ‘e m

- . 3) as ‘ aol  ~~I ’ - ’ r , - ’’ I : ’  c ’ - : ’~’ a’ ‘ t , ; i  ‘ h t ’ ’o u; ’t :
cu ( 1 ’  

— = — _____ = — ______

f° ;’- ”r ,  a r e n ’ ’ I cal c ‘ - t . :t ‘ I t , ’ , ‘ m e  .~~
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L 

1 

~~ 

n

~

1

iit :t

= _  
11 0 1



___________________________ .

Equat ion ( 3 . 9 )  is R ibner ’s “Dilatation enthalpy appears as a natural “link” h’;twee;,
Equat ion ” and (3.10) Is his “pseudosound the complicated dynamics of a tunh’ul er-~ flsw
equation ,” thus completing the analogy , and the relatively simple potent ial acc usti , :

f i e l d .
The separation of the pressure into a

near field and far field and postulation of The primary aim of the p r ’ eser : t  wa r -h has
a Poisson equation for the near field is a been to clari fy some of the b ’asi’ o- ’-r,a -”'rtu al
simp le and perhaps useful intuitive concept . problems that 1::,’;,- plagued the rru- ’:i’:’r’: ’,
We t’ e e l , , however , that the natural sepa— theories of sound in a real turbulent fl :’:.

- ‘  r a t i o n  of the pressure field that results Two of tt.e~ e pr oblu’ms have beer. resolve :i  ir.
from, the dichotem,y of the velocity field is our opinion . First , we have successfully
conce ptu ’illy m o r e  attractive , and theoret i— isola ted the radiative an ‘, s o ur c e  comp ’ar :”-n’ c
cally m:or’e sound . It is not clear t~~at of  sou r--i in the near field . Second , we
Rib ::er- ’s postulated pseudosound 1 (oI cr have rigorously localized the “source ” of
the bernoulli field ~~ for that toc,tter ’ ‘an aercdvna:sio s and , and w itho u t tI:e aid of
one and the same as the near— field pressure asytta pto ”i c analysis. Finally, 5:0 hay’;
riven by the equation of state. The local shown ti nt “Sc ar-ce of s-o ut- -i ” is m’,’r, ’, ::,’s: Us
acoustic pressure could well be the same with “ s’ :,;-ce of Be rnnulli enthalr ’a’.” Tin’:’
co’:i,ar or ’ r ’ : ’ a a - n i t a d e  as the I:er’r,ouili :‘a-t ’attor,a ’I ,‘,rU ir ’r-tr at ion al l-:it :’;t’ ’-.’ i’~s an d
“‘ress ur,’. uar:ather ob ,lec tion ‘ 0  I l , ;  p s e u d o —  the tin ,’ r’:tnivr ,cas, I c “n t :” - r :  f la ’t u ’a t i ar , n of a
sound :‘nt .c ’;pt I : :  that one cannot argue that ‘, c,t’h ,T ’ -n t f l o w  e r i c h  t r o ’ i o  “ a Eor ::oa,ili or.—
t h e  0 ( 0 )  f i eld  is r i a - u r o u n l y  c o m p a c t  lihe thalp,’ fiela: I i ’ s ’  i n  to: ’:. r ’o du ces  p ’s-il’ ,’, i c e
t in ”' ~1 field. 5:oun,-I . The process of v ’-rl ‘“ity tr,’a:’a:-:ron ’

pi ’a ’;:’ a seccat :-i:,:’y role it :  s’~~,U ‘“ - i’u ’-t. 1°- : ’,
th e  u - a l  challer,r’e it seems is 1’ do— as ‘-‘-c-a- as ‘ i , ’ baa I c  I ur’t -alen t 1’le:: is

v ise ‘,n ,:x ,a , ,n i ;’~ nt whereby the tic -” m a r ”,c 
~~~~~~~~~~~~~~~ to ‘in~ overall sc-ur. d fIeld.

of the ;-:‘e-scure ‘Id e a -’ ;. be infe: ’r’e-:. ‘. - “ i c ’’ -; trans - n t  is , n” .e .”’;.;m , r,’: i t ’ —
a’-ither the :‘‘- ‘, ‘ ‘ i c - r , a l  ‘on the I n r ’ o t ’ -a ” i a- -n ’ ,l  p t ”’ :,’ e l er , ’. m ’ ” ~~’~~~~m ’ , ca’ ,:’,i im ’,’e :’’ ’j - ’ :
velo’i ”’,’ f ’i ’;’ I t  c an  b~ measured , t i ’u - : :  so r r ” b l ’ ,’r (“ ‘ - ‘

-‘ b e l o w  , l’I eo ” Ion I’,’).
can :1:11:0 a c l e ar -  s e p c a r o i  1 - ;,  of  t h e  t ress-ire
U ~‘ ‘-‘

~~~~~~ 
a’ t 0 o r  p r c ~~ 1

t - - ’ aa ’ I - - : , ’ : l  ‘T -:-: I , :  h , - c , on t r o p i c .  a- r- ,- r- 1, 1’, ’: thea:’,’ of sour:]” we bra ’;’:’ s t o f ; ’ -e-d  s hoe ” cf
state e’;uatic’r~ ( see ‘O’ - lan ’ of ’  e ’ c : , o t , i o n  t h e  r : a tin ’: — t I.’- a-a’r.rutati ’ n,’,l pr”ehler’ el’
( 2 . 2 9 ) ) ,  the p r e s s u r e  rand the l t ’ r c t’s t i c - n-’al so:::, : ;“:‘:-du’c r., I :, l i e ’ :: ‘ h ” ad .  Us m::c ’ c ar :-’;
‘ ; ‘a l o ” l t y  I ’ie ld  ar’: sa,f fici~ -t , t to ’ ir,fer to’ 0: : ’, 1, 1 , ” r-’a ’c”:asarl.’ St :a’, ’.c ’, ical ar,a l ’ .’zot ’
f ’e: ’;,a - u l l i  “n t h a l p y  l i e . Also , it la -l inac : w i ” h i n  ‘he I’r s,r ”,’:” r’l’: o r ’ o’ ,r ’ :000 ‘ heor’; c r , ’:
fr - a - r i  ( 2 . 2 3 )  t in ’ : ’ a cl i ; ” a - I  n e a s a o ” - ” ” - n ’ o r ’ 0 ~ i ] a :’ t t : i r a  t o  a ‘ ,~~ : : I t t i l ie ” r ’  i ’, a l  0’
t i n a , m ,, :t: ,~tmt  ton ‘,‘n ’h ’ a l p y  ( e m  f r e n : ’: .r ” i n  i ’e ,~ f l - a :’: . ‘ct’ ,

~ s:rc”essl”.:l lm :v a r ’inn l ‘ ‘ar t, ’ :—
‘ h a  in - r:.. - t ’ , t r c p i c  case) and 1:’:’ ‘a ’ ia - - r,r, l in;:’ r ca-tel oval” :’- : bc I a-- n r:lis cn , “ t  a l .
ve l e - i t ’,’ ‘leld is :‘aaff ’I,mI” :, ’ to aa’ t “:‘r ’i r ,” ( 17 ,lE- ,l i ) “vet O:’- l u - ’ ‘- ‘u-: va- ’,:’:

,
~‘/ mI n I , ho n e , ‘he source’ of soot ,’:. I’, ’: ;:,.. .;i ,:e ‘‘ ‘ ‘ f’ ,’asI’c i’ - ’ ’- ” -: i e:’ t s ’

“I ’’ ex~’e’’a ’ r”'r,t a l I , :t: ho;: b c ’ :  r. ’-S:: u :-e ‘
~~~~~

- 
~~~~~~~~~~ -~-- f B e t - t o - a l l  ‘ - t , ’ l ’ . -, l ’ - ’,’ ’:nd ‘ a l I t —

t i n e  I r ’t’o ’_ :j t l a - r : ’ a l  o:- ’, ’ - ‘ ‘ , ‘ i c- :,ai ‘“ - l c , c t ’ v s ’ ’ l v  ‘- i . ’- ;‘ ‘a I I ’ , ’ ’ ’,’o s ’ ,~r, i “ I I : . I’. is
l U - l IT :, ‘ : ‘i , -’O,, ‘ - ‘ ‘ ‘- l U ’  ‘ I ”  c ’ a ] a - ’ : ’, a ” i c - r:s acf s” - : : ’a

t” - i’ ,:c’ ‘u-, c ’ :. b e  ma d ” It , ‘ ‘ - ‘ , . - ‘ -  f::1
______ 

0 ’ ’ , . ’  ,‘a ’~~’ ’ ’.’ Wi - t ’ l ;  —

- _ _ _ _ _ _ _ _

i t ,  I s  a ca- - r o- ” a u ’--t ’ a ’ : e “' V a :‘. ‘.-: 
——______________________

c e r t s , i r a - m a ’  o.~’ r . : h i . :b: a :e a.v. h l  I n ’ l , ’ ’ p r ”— ’ i o urr :’c’ - ’ ’ I ’ ’’ , ’,’re ” - ’- - ’ a — ” a i  a.’: —
,‘r r’, u-’, : . .  i r ’ :m , ;, ° t , ’ a ’ e : ’ , ’ ~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~r ii ) 1 0 ” ‘ ‘t I t  c “1’ a

‘sac . :-  I : t I - .-:: n :” n ’ ’ : : , I : : - p ’apr, ’, i ’ : , , l m , c l u : I ’ ,g ‘‘ , ‘ ‘‘ - l, - ,’ ” ’:’ : r I u l  . - ‘ ‘ ‘ ‘‘. ‘-a’ . m ’ ; ’ ’” :’:’’
re : ’ - - ’ ’ t ’;o cl ’”- ’ , ’ ’ s , ‘:n : ’ :, ’ ’ ’ , l , ’ ’ : , ” -  of  - m n - ’ ’” - s ” ’- ’” , ’ , ’ s ’ ” :l ’ :r  m r - - t I e r

s ’ , m , - :  sr , ’ : : ’ a ,’emt I :, a b : ’ - r ’ : ’ m ’ , :  I - — : ‘ n. ’u n - ’ I I ’ . ’ - - :  - ‘‘ ‘ ‘ ‘ ‘ r I O ,  a m:-’-’ r,r: s t i ’ ’ - ” :  ‘ I ”
‘ m m  ‘ ‘ ‘ a ” I - ” t ’, ’, ‘1- -: ’,’ . 1’ I , ’ o t : ” m ’ - , ’ ’ ’i: ’i :r ”a : I ;  ‘ , ‘ i ’ , . ’ ’ -- ’ - ’ r , ’ - - - ’ ‘ — r u - I  ‘ I l l ” ; 01’ • t : ~~, I - ’ - : ’ t , ’- ’ . .1

‘ a , l i n e - I ’ -’ ’ ‘ ‘ ‘ : ‘. ‘ - — “‘ ‘o l d rr n t :  ‘“:‘t n i ,
t”m ,t i-r i , I . lIe :.: ’. ,  ~h : .  I n ‘ n a ’ een ’ t ’” , ]
r,°:’’: I -  : ‘t , r i : ,~ - ‘- t , - ’”, t of R.’- :- : ’, - :I , ‘ em , — -t ’:’ s i s r i i c l . :’, w,’-
‘ t a l c ’.’ . j  , ra- ’m ’i , aro r: ‘ an  t o o l  I nca-:: : . ‘‘ 1 , ’ ’ c f  ‘‘,‘:- - — i I r ’ t . :’i °t -:r, ] ss:an- :i it ‘ ‘‘ “‘t ’ t ’ t , a- :‘:‘ ‘t: ‘a
i’iera folloe’n’ ’ ’ :’ ’-r, a ‘as ‘ c I . : ’5I r ’, ; 1 n ~~~y ’ ,~n ’: r e - a l l ’ - ]  ‘ a,: ’ — : ’ r . - t ’ ’ ” t , a l  ‘ “ ‘ o;’ wa h e .  “ i n ’
‘I. ’ -  S i : :  .‘: : “ s ’ m - . : ’ O - , 0 ” - 2  1 : ,  m ,  r ’ ’ — I “ : ‘ - : - ‘ ‘,: , ‘ s:.’ c l a l  n a s a :  o f  ‘ i n , ” fr”e’ sic ’ - : ’
“ i’’ ; ’ c—i:’i’o at la- r :s ,I I’l’a a’: ‘ ma ‘a “ - : : - l ’ : ’ r , ’ e ra s I - ’ a ’ a ’’,’ r ’ - - ::,’f l a : : r c i a : ’ ’; 15 ’a’ ” -  :“ ‘“, a. ’ I r ’

1 0 a ’  — I I ”  I 0 0 1 “
as “a” o ,.o 1,” ~ “l  ‘“1

1 1 0 1 11 - t ‘ i t  (‘a . ,” ed
‘ l a I r ’ , .  ‘ t O  ‘a c - u -: ’ I - O p r’ma’i ’ ’, ’ i ’ ,’ ’ t a  ‘‘ ‘ I ’  t -  ‘ r ’ ’: ’ ’ . ;  l e t ’ ‘:“ : - ‘ ‘ - ‘ ‘ , : ‘ t en  l ’ ,’ ’ ’ :’ ’ I ”  —
I- in’’ m a - n t  f e lc l  rrem a :’’a ’ ’’s cI” '’ar:ly f;”r ’i, ”- : ‘ ‘ - t a g  i’ ’u -t ’ : ” i ” l  : . II”' Ia ’’
:‘‘-urce ‘I .  it. ‘Fine ~~ ::  ‘~~~1 l I  ,., r ~r i , ., l : . .  t~~ -~ ‘ — : , , . , , ‘ t
“ s ’ s  ‘‘ ‘~ : ‘oI ’-’ : - ‘ c o t - ’ e  or r ” a c ’ .’a’ I v a ’  so’ ’ -

‘ 
. ‘ ‘ “ ‘

wtO 1’’ t i c  r,o r - ’ ’ ” l’a:’ ’ : ’ ’,t ’ ’,’ k t:’’- ’ ‘ , ‘ I c  ‘ a r t  ‘ - t , — 
— -

. 
•r i O ’; “our:’e:: m a  r h - ’ m e’ ‘ h a ’. u-’;:’ : 0 °  ‘1 :”  ‘ —

I” ;;- ‘ ,ij I  “ I ’ - ’] ‘I ,  ‘l ’ I ’ a u s , t i n :  t ”t ’ t , o r , 1 1 1  = “. (F  I ( 1 .



.~~~~~~“ '‘t”a~~.’. a~ - ’ia” a’ ~~~~~~~~~~~~~~~~

v 2 11cm , ’:: , we n °t ’ : -  t i n t  t h ’ -  l asc  t a - a ’s .  I n  e a c h -  c f
= h~~ + ~~ +~~~‘ ( 1.3)  enuat ion s (1 .9) mar-ar ( 1.9 )  is an ‘ - r u-a r

r,acrnituci e sr,a l Icr- lu - I t t’ -. resroo’t t o  t i n e -  a l ma:-

where  W Is the  her ’: :cul l i  0 n th a lp y  d e f e c t  lay er t l’. i c k n. : s :)  t h a n t l a ”  l e a l ln g  ta ’ t ’ n _ .
and u ( y )  is t h e  shear  d e f e c t  velo se t ”r ~~ ~~re ”- a’ r-o d ”  c ~~“ e “t

u ( y )  = U ( y )  — 
~~~~~~~~~ 

a ’ : i th  t he  s a - ’-,r. fl ’-:’: .

The s i m . r l i oit’;  o f  t l . e  b ” - :’:’ u l -~’. t ’ a t .  o f
whe re  1,1( y )  is the  total macas. ve i c .c i t l .’ :‘: : ::, a— : . r.e ts; ’ lr . ta - :’ao ’, l cr .  p r e s e t . ’, c i  ‘- ‘mu- i s
p r o f i l e , ar ,J  v~ is the  c o n s t a n t  st r e a ,a: ’ ,i r. a- ev l ’i e r : t .  It  is a viable al ’ ’o r ’r : ’atl’;e ‘u - s
v e l o c i t y  at . f in c e  t h e  f low I: t w o —  Lan . :a l ’. l— b i l l ey l’ :rr ,ul: , ’. i o n  ( 5 ) , ru-’
dimenslcanal , it is cc::’;ot:ient to intrc”.iuoe reo .”nm , r’,c- rser ,t’u r i ntent i r , l  t h e o ry  of l, ’s ah
a s t ream,  f u n c t i o n  for  the r o t a t i o n a l  ye— (10). ‘,‘ie : 1 : , ’ , c- at t i nt  i r . ter-r o e a a t l . , n -0’
locity field; i.e. , t I r e  Ir ’a ter’a ;ti a - t , esuatior c am ace have : I ‘cc- I Is

u = v = — ( 1 4  5)  liel ~e.,a’-+on (1 0 )  ‘a 
—

Y X e’a, . - ’ ion , I- toe “ a c o u n t  ic ’ so ar f i e l  i is a l l
so t ha t  assi,sr-”’a ‘: - ~~ It:’:’ rr’essu :- am 1:,d a s i n g l e

V ap = — (1 . 9)  -o -  i’;r e c a nt i o n  t a r  d e r i v e d .  O’. l s  a - c :ra lu-r .
ext’.il’i t o no linear cc’aa - li t ag b-;t:- :- ’ -a .:’, ‘ r ’ . e

or - er -c  w ” is  the  s ingle  c’cr -r ’:- r, et ’,t of  l. a- iC p r e s su re  ‘and ar-c’ u - i n o r  O ar-rI  a s t r a l I, :. u - s t .’ i ” y
perturbation vorticito ’ . We eta . h:asize a r - r a t  for  a t o ” - — O r - e r - s i  o r - a l  p a r a l l e l  n i : e ’,: l a c e ; ’ .
r~ and the  B e r n o u l l i  e n t h a l pl ;  aae f’ e c t , ~1 , Th :an , t h e  conclaci” :: i s  sn-i ’: ’ tic ”,’, l i a r
must vanish when s vanishes (see (2.20)1 . “ ,.:‘,ust ic ” ;‘:c’de don- s n r a  couple to any  ‘ ‘ i n ’ -:-
W i t h  the  f o r e g o i n g  defin Itions it is a m:cde (‘,‘or ’,tc i”c , e.g.). ‘O h’; h:o~; ma - i :’ . ’ m.d
s t r a igh t f o r w a r d  t ask  to  d,” a - i v e  t h e  f o l l o w —  cr 0 :” ot ,’ e-; t I o n  I ’ -  t h e  cr-n -Usua l- zn i s
lag i n t e r a c t io : ,  e q u a t i o n s :  a - h a - i o e  of r: -; ’ss ’a t”; s ‘f i r , ” ‘ m a ’: accumic

s-o de. Oz a’ s a m ;  :‘:‘ f ’ i n l  “ i a - n  “f  aco u stic m ode9) (~~~ oo ”\  (1,2 — ‘~~
-
~~/ w as  u s c - b  b y  l’ha. and l la - ’ ,’as :s.a’ ( 1 3 ) , m O t h - c a r t ’.a v  p —

~~~~
— -  

‘ t t ,ey  dId roint ‘ 1 .’, a :‘- :- sn’” e ‘Usat a
f u r ”.h er ‘ i i  ‘,‘ i o ’ I  -a ,  c o u l d  be  mt ’ i”; ’l: :to r ’- , ’i t at ”
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